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The atomic incoherent scattering functions of N, :N-, O-, O, O +, O +2, O +a, F, F-, Si +4, Si+a, Si, and Ge 
have been calculated according to the Waller-Hartree theory as extended in a previous paper to 
include the effects of the inherent non-sphericity of the atomic charge distributions, ttartree-Fock 
wave functions were used in all the computations. The results obtained show large deviations from 
the previously reported values of James & Brindley. These differences arise mainly from the in- 
clusion in the present calculations of all the exchange integrals in the Waller-Hartree expression. 

The few experimental determinations of the X-ray 
incoherent scattering intensities available to date 
(Laval, 1939, 1942; Curien & Deroche, 1956; Walker, 
1956) have illustrated the inadequacy of those theo- 
retical expressions for calculating Compton scattering 
which neglected the contribution due to exchange 
effects. Recently Keating & Vineyard (1956)and 
Freeman (1959a) have shown that  the Waller & 
Hartree (1929) theory gives values in good agreement 
with experiment if accurate Hartree-Fock wave func- 
tions are employed in the calculations. Furthermore, 
calculations of this type for neon, copper, and zinc 
(Freeman, 1959b) showed very large deviations from 
previous calculations (Compton & Allison, 1935) in 
which exchange effects were neglected. Similar results 
were also obtained very recently (Milberg & Brails- 
ford, 1958) for boron, oxygen, and carbon by these 
methods. These developments have stimulated the 
present effort at calculating accurate incoherent scat- 
tering functions for atoms for which Hartree-Fock 
wave functions are available. Further results in this 
series will be pubhshed as they become available. 

For many atoms, their electronic charge density is 
not spherically symmetric and so the scattering 
depends on the orientation of the scattering vector. 
In a previous paper (Freeman, 1959c), the Waller- 
Hartree theory for the incoherent scattering from 
atoms was extended to include the effects of this 
inherent nonsphericity of the atomic charge distribu- 
tions by a general formalism which depends on the 
use of the matrix elements of a unitary representation 
of the group of three-dimensional rotations. Applica- 

* For  example,  for the  oxygen  a t o m  and  its ions, Har t ree ,  
Ha r t r ee  & Swirles (1939) calculated SCF wave funct ions  for 
each sys tem.  In  the  calculat ions  repor ted  here, incoherent  
sca t te r ing  intensi t ies  were separa te ly  ca lcula ted for each ion 
f rom its wave functions.  

tion was made to derive the angular dependence of 
the one-electron scattering matrix elements from 
atoms with s, p, and d electrons. By a proper averaging 
over all orientations of the scattering vector 'mean' 
scattering formulae resulted which apply for predict- 
ing the scattering from monatomic gases. Using these 
mean scattering formulae the Compton incoherent 
scattering intensities have been calculated for atomic 
nitrogen, oxygen, fluorine, silicon and germanium in 
varying degrees of ionization. For each ion those 
Hartree-Fock wave functions were employed which 
were originally calculated for that  electronic state 
alone.* As in the earlier work referred to above, the 
present results show large deviations from those of 
previous calculations in which exchange was neglected. 
These results are discussed and comparison is made 
with other theoretical calculations and some recent 
experimental data. 
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Following the notation of a previous paper (Freeman, 
1959c), which is an extension of that  introduced by 
Keating & Vineyard (1956), the formulae for the 
scattering function for the various atoms and ions are 
given below for the configuration and ground state 
listed. 

(1) N: ls.~2s22p 8, 4S. 
~ r ( N ) = 2 f ~ + 2 f ~  ~ 2 2 + 3f2p + 4f1~, 2s + 6f1~, 2p 

+ 6f~, 2 2p + 6f2p, ~ .  

(2) 1N-: ls22s22p 4, aP. 

8 2 2 ÷'~1'e2 + ~2~, p ~j2p, 2p. 

(3) O+a: lse2s22p, 2p. 
~(O+a)=2f2 + 2 2 2 2 2f2~ + f2p + 4f1~, e~ + 2f1~, 2v 

'2 1 "2 + 2J~s, 2p + ~j2p, 2p • 
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(4) 0+2: ls22s92p 2, 3p. 

= 2f~  + 2 f ~ +  2f2p+4fx~,2.~+4fx,,2p 
+ 4f~, + he". 2p -~ J2p,  2p • 

(5) 0+:  ls~2se2p 3, aS .* 
~ ( O + )  = ~ ( N )  . 

(6) O: ls22s22p 4, 3p. 
~ ( 0 )  = ~ - ( N - ) .  

(7) 0 - :  1s22s92p 5, 2p. 
~ / O _ ~ _  2e., ±2¢., ., 2 , , - -  j l ,~-  j z ,+Sfzp+4fx , , 2 ,+10f~ ,ep  

+ 10f.i, ~p +-~f:~p, 2p • 

(8) F :  lsg"2s22p 5, 9.p. 
~(F) = ~-(O-). 

(9) F-: ls22s92p 6, IS. 
~-(F-) ~ ° 2f1~+ 2 f ~ +  ' 2 = 6f.,p + 4f~, 2~+ 12f~, 2~ 

+ 12f~, 2~ + 12f~, 2~. 

(10) Si+4: lse2#2p ~, ~S.  
~,~(Si4) = ~ ( F - ) .  

(11) Si+~: ls22s22p~3s, 3S .  
~-(Si+3) ~'(Si+~) ~ 2 2 2 = +f3~+2f~,3~+2f~,3s+6f2p,3 s . 

(12) Si: ls~2sz2p~3s~3p 2, zp. 
4 ~ ~ ( S i ) = ~ ( S i + 4 ) + 2 f ~ + 2 f ~ + 4 f ~ s ,  as+ f2s, 3s 

+ 12f~v, 3~ + 4 [f~, 3~ + f~,, 3v + f~,  3v] 
4 2 2 2i- 11¢ 9, + f~,3~(0)+Sf2v, 3~(2) -~-j~,3~. 

(13) Ge: 1s22#2ps3#3pS3d~°4s~4p ~, 3p. 
~(Ge)=2f~,+2f~,+6f~+ 2A, + 6 A ~ ~  

+ lOf~a+ 2fa~+ 2f~p 
+4[fxs,2s+fls, zs+fis,4s+f2s,3s 
+ 12[f~,, 2v +f2,2~+f~, ,  + ¢2 ± ~ 2p d4s, 2p -I-dis, 3p 
+ ~  + ~  +¢2 

J2s,  3p J3s, 3p Jgs,  3pJ 
2 2 2 ~ +4[f~,~+f2~,~v+f3~,4~ f~,  4v] 

+ n ¢ 2  + 12[f~,2v(2)+f~v,3v(2)] -~a~,a~(2) 
+ 12f~, ~Ao) + 24y.~, ~(2) 

2 + 4f2~, ,v (0) + 8f~,  4~ (2) + 4f~v, ,~ (0) + 8f~,  ,~ (2) 

+ 20 [ f~ ,  ~ + f l  ~ + f l  ~ + fL,  ~] 
+ 24 [f~,  ~a (1) +f~v, ~a (1)] 

2 + 36 [fi~, ~a (3) + f ~ ,  3a (3)] 
+ 8f~p, aa(1) + 12f~p, a~(3 ) 

700 2 1260 2 +-~ faa, 3a (2) +-~f3d, 3g (4) . 
Here 

~ =  2," 2: lf,~l 2 , 
i i 

and the incoherent  scat ter ing in tens i ty  (without the 
Breit~-Dirac factor) is given by  I i ~ c = Z - ~  where 
Z = n u m b e r  of electrons in the a tom or ion. 

* ~ ' ( O  +) ----~-(N) m e a n s  t h a t  t he  f o r m u l a  for  O + is t he  
s a m e  as t he  f o r m u l a  for  1~. S e p a r a t e  v a l u e s  of the  in tegra ls ,  
f i b  were  of course  u s e d  in t h e  ca lcu la t ions .  
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The fie integrals were calculated on Whirlwind I, the  
MIT digital computer  using a spherical Bessel funct ion 
routine wri t ten by Wood (1957) with the numerical  
Hartree--Fock radial  wave functions as direct input  
data.  

4 

In  the accompanying Tables are listed, for each a tom 
& ion, the calculated values of fi~, ~ and Z - ~ -  as a 
function of sin 0/2 in ~-1  units. For  purposes of 
comparison with earlier calculations, the  values of the  
diagonal terms 

2:  I/.I 2 
i 

are also included, since the difference between this 
quan t i ty  and ~ gives the magni tude  of the  exchange 
contribution. In  the Figures, the  values of the scat- 
tering intensities are compared with the earlier results 
(if available) of James  & Brindley (Compton & Allison, 
1935), hereafter  referred to as J&B.  

6 _ _  a _ - -  . . . . . . . .  . . . a  

2 

] J /  , i t t i , , t t t 

0"5 1-0 
~in o (A-I) 
A 

Fig. I. Incoherent scattering function for nitrogen. The 
--A-- represent the J&B values, the long dashed curve 
is our result without exchange and the solid curve is our 
result calculated according to the complete Waller-Hartree 
theory. 

The numerical  results for N and N -  are listed in 
Table 1 using the SCF wave functions calculated by  
Har t ree  & Har t ree  (1948). The incoherent  scat ter ing 
intensities are p lot ted  in Fig. 1 and compared with 
the earlier results of James  & Brindley.  The differences 
between our values and those of J&B are large, espe- 
cially for small and intermediate  values of sin 0/2. 
For  N these amount  to 70% of our values a t  s i n 0 / 2 =  
0.1 and 25% at  sin 0 /2=0-3 .  

For  O-, O, 0 +, 0 +2, and 0 +8 the results obtained 
from the SCF wave functions of Hart ree ,  Har t ree  & 
Swirles (1939) are given in Table 2 and plot ted  in Fig. 2 
(which also includes the J&B da ta  for O). For  O +, 0 +2 
and 0 +3, the exchange terms of 0 were used in order 
to simplify the computat ions.  Here too the  differences 
between our values and those of J&B are large, being 
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sin 0/2 fx~ ]2~ 
0"0 1.oo00 1.oooo 
0-1 0"9947 0"8551 
0"2 0"9790 0"5457 
0"3 0"9540 0"2677 
0"4 0"9209 0"0964 
0"5 0"8811 0"0151 
0"6 0"8363 -- 0"0134 
0"7 0-7878 -- 0"0165 
0"9 0"6851 --0"0020 
1"1 0"5831 0"0104 

T a b l e  1. X-ray incoherent scattering function for nitrogen 
N 

f2v f2v,2v /i,,2, / 1 ~ , 2 v  /2~,2v 
1.0000 0.0000 0.0000 0.0000 0-0000 
0.8331 0.0627 - 0.0071 0.0294 - 0.2573 
0.5140 0.1574 0.0087 0.0543 - 0.3426 
0-2633 0.1909 0.0301 0.0721 - 0.2887 
0.1200 0.1740 0.0522 0.0821 -0 .1954 
0.0488 0.1396 0-0714 0-0860 - 0.1153 
0.0159 0.1053 0.0859 0-0861 - 0-0600 
0.0017 0.0775 0.0962 0.0839 - 0-0260 

- 0.0056 0.0410 0.1080 0.0749 + 0.0039 
- 0.0053 0.0221 0-1097 0.0600 + 0.0110 

7.000 7.000 0"000 
5"547 5"950 1"050 
3"454 4"176 2"824 
2"390 2"925 4"075 
1"940 2"220 4"780 
1"679 1-823 5"177 
1"467 1-562 5"438 
1"278 1"361 5"639 
0-949 1"030 5"970 
0"683 0"753 6"247 

sin 0]~ fls f2s 
0"0 1"0000 1"0000 
0.1 0.9948 0-8425 
0-2 0.9796 0.5219 
0.3 0.9550 0.2494 
0.4 0.9222 0.0878 
0.5 0.8825 + 0.0128 
0.6 0-8375 -- 0.0128 
0.7 0.7888 -- 0.0153 
0.9 0.6860 -- 0.0017 
1.1 0.5841 + 0"0099 

N -  

Y2v /2v, 2v(2) / ~ ,  2~ fl~, 2v f28, 2v 
1.0000 0.000 0.0000 0.000 0.0000 
0-7534 0.086 0.0044 0-023 - 0.2646 
0.4070 0.1655 0.0152 0.0430 - 0.3224 
0.1942 0.1693 0.0310 0.0591 -- 0.2548 
0-0861 0.1417 0.0491 0.0700 --0.1662 
0.0346 0.1090 0"0668 0.0756 -- 0.0962 
0.0111 0.0806 0.0822 0.0769 -- 0.0494 
0.0011 0.0586 0.0941 0.0748 -- 0.0212 

-- 0-0042 0-0309 0.1065 0-0646 + 0-0035 
-- 0-0045 0.0172 0.1058 0.0516 + 0"0093 

Z ' I f ,  I ~ ~ 8 - . ~  
8.000 8.000 0.000 
5.715 6.279 1.721 
3.296 4.144 3.856 
2.277 2.828 5.172 
1.871 2.141 5.859 
1.636 1.774 6.226 
1.444 1.538 6.462 
1-266 1.350 6.650 
0.947 1"026 6.974 
0.685 0.752 7.248 

of t h e  s a m e  p e r c e n t a g e  a m o u n t  as w a s  f o u n d  fo r  
n i t r o g e n .  F ig .  2 a lso  s h o w s  t h e  v a r i a t i o n  of t h e  sca t -  
t e r i n g  w i t h  d e g r e e  of i o n i z a t i o n .  F o r  l a r g e  s in  0/2. t h e  
c u r v e s  a p p r o a c h  Z,  t h e  n u m b e r  of e l e c t r o n s  in  t h e  ion.  
Th i s  was  e x p e c t e d  f r o m  t h e  f a m i l i a r  r e s u l t  fo r  a t o m i c  
s c a t t e r i n g  f a c t o r s  t h a t  t h e  c o n t r i b u t i o n  f r o m  t h e  o u t e r  

Z - J "  

~ a  0- 

0 

/,, 0+++ 

I l 0! 5 r ~ l l i !O I 0"I 

sin 0 (A-l) 
zl 

Fig. 2. The incoherent scattering functions for O-, O, O +, 0 +2 
and 0 +3 calculated according to the complete Waller-  
Har t ree  theory.  The - -  A - - -  denote the J&B values for O. 

e l e c t r o n s  in  a n  a t o m  t o  t h e  f o r m  f a c t o r  is neg l ig ib l e  
a t  l a r g e  s in  0/2.. F o r  l ow sin 0/2. t h e  d i f f e r e n c e  b e t w e e n  
t h e  c u r v e s  is n o t  j u s t  t h a t  d u e  t o  t h e  d i f f e r e n c e  in  Z 
s ince  t h e  c o n t r i b u t i o n  f r o m  t h e  o u t e r  e l e c t r o n s  is 
a p p r e c i a b l e  in  t h i s  r eg ion .  

T h e  r e s u l t s  fo r  O a g r e e  w i t h  t h e  v a l u e s  of t h e  in-  
c o h e r e n t  s c a t t e r i n g  i n t e n s i t y  a lso  o b t a i n e d  b y  M i l b e r g  
& B r a i l s f o r d  (1958). A n y  sma l l  d i f f e r e n c e s  in  r e s u l t s  
p r o b a b l y  a r i se  f r o m  t h e  d i f f e r e n t  i n t e r p o l a t i o n  a n d  
s m o o t h i n g  p r o c e d u r e s  used .  

* * * F ---'=--"'--- 

~ - -  , ~ • a F 

Z - ~  5i  

4 

2 

O 0"5 1 "0 
sine (A~) 
2 

Fig. 3. The incoherent scattering functions for F and F -  
calculated according to the complete Wal ler -Har t ree  theory.  
The + 's denote the J&B values for F -  and the A's  denote 
the J&t~ values for F. 

O u r  r e s u l t s  fo r  F a n d  F -  a r e  s u m m a r i z e d  in  T a b l e  3 
a n d  d i s p l a y e d  in  Fig .  3 ( a long  w i t h  t h e  J & B  d a t a ) .  
A g a i n  w e  see t h e  l a r g e  d e v i a t i o n s  f r o m  t h e  J & B  v a l u e s ,  
s h o w i n g  t h e  i m p o r t a n c e  of e x c h a n g e  e f fec t s .  H e r e  
t h e s e  p e r c e n t a g e  d e v i a t i o n s  a r e  s een  t o  be  s o m e w h a t  
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T a b l e  2.  X - r a y  incoherent scattering f u n c t i o n  for  oxygen 

O- 

f l s  f2s f2p fis,  2s f is ,  up fus, up fup, 2p / [ ~ i ] 2  ~ 9 - ~  
1.0000 1.0000 1.0000 0-0000 0-0000 0.0000 0.0000 9.000 9.000 0.000 
0.9961 0.8821 0.8160 0-0030 0.0210 - 0 . 2 3 6 9  0.0674 6.904 7.469 1-531 
0.9845 0.6177 0.5103 0-0117 0.0403 - 0 .3254 0.1490 4.185 5.259 3.741 
0.9656 0.3554 0.2851 0.0247 0.0565 - 0 . 2 9 4 0  0.1737 2.771 3.670 5-330 
0.9402 0.1686 0.1500 0.0403 0.0688 - 0.2201 0-1621 2.153 2.692 6.310 
0-9090 0.0601 0.0749 0.0566 0.0768 - 0 . 1 4 7 7  0.1366 1-840 2.130 6-870 
0.8730 0.0073 0-0347 0.0720 0.0808 - 0 . 0 9 1 0  0.1093 1.628 1.797 7.203 
0 .8332 - 0 .0126 0-0137 0.0854 0.0816 - 0 .0514 0.0853 1.450 1-572 7-428 
0.7465 - 0 - 0 1 1 3  - 0 . 0 0 1 7  0.1036 0.0759 - 0 . 0 0 9 0  0.0500 1.135 1.237 7-763 
0.6564 + 0 . 0 0 2 0  - 0.0045 0.1101 0.0651 + 0-0310 0.0294 0.869 0.970 8-030 

sin 0[~ fis 
0"0 
0"i 
0"2 
0"3 
0"4 
0"5 
0"6 
0"7 
0"9 
i'i 

O 

f2s  / 2 p  f ls ,  2s f is ,  2p /2s,  Up f2p ,  up 2J I~12 o~ 8 - -  o~ 
1"0000 1"0000 1"0000 0"0000 0"000 0"000 0"0000 8"000 8"000 0"000 
0-9961 0"8909 0.8686 0.0031 0-024 - - 0 . 2 2 9  0 .0510 6"606 7"030 0.970 
0 .9845 0.6379 0-5963 0.0120 0.0446 - - 0 . 3 3 4 6  0.1370 4-291 5.203 2-797 
0.9657 0.3753 0.3528 0.0253 0.0625 --  0.3183 0.1825 2.851 3.695 4-305 
0.9403 0.1814 0"1911 0.0413 0.0761 - - 0 . 2 4 6 4  0.1837 2-189 2.729 5.271 
0.9091 0.0660 0.0968 0-0580 0.0851 --  0.1686 0.1615 1.861 2-159 5.841 
0"8731 0"0090 0.0452 0-0739 0"0897 - - 0 . 1 0 5 3  0"1324 1.641 1-815 6-185 
0.8334 - - 0 . 0 1 2 9  0.0182 0.0876 0.0906 - - 0 . 0 5 9 9  0.1046 1.458 1.583 6-417 
0-7466 --  0 .0120 --  0.0021 0"1062 0.0844 --  0.0108 0.0624 1.139 1.242 6.758 
0"6565 + 0 . 0 0 2 0  --  0-0057 0.1131 0-0726 + 0.0073 0.0367 0"870 0.964 7.036 

sin 0/~ f l s  
0"0 
0"1 
0"2 
0"3 
0-4 
0"5 
0"6 
0"7 
0"9 
1"1 

f 2s 
1.0000 1-0000 1.0000 0.0000 
0.9962 0.9012 0-8995 0.0031 
0.9846 0.6639 0.6669 0.0121 
0.9659 0.4048 0.4252 0.0258 
0.9405 0.2030 0.2429 0.0422 
0.9093 0.0775 0.1273 0.0596 
0.8734 0.0131 0-0609 0.0761 
0.8337 --  0.0128 0.0252 0.0904 
0.7470 - - 0 . 0 1 3 6  --  0-0020 0.1101 
0.6569 + 0.0016 - - 0 . 0 0 7 0  0.1174 

0 ÷ 

f2p fis,  2s / i s ,  2p f2s,  2p f2p, 2p ~,]fi~I 2 

S a m e  as  0 

7 - - ~  

7.000 7-000 0-000 
6-052 6-370 0-630 
4.267 4.951 2.049 
2-936 3.570 3-430 
2.231 2.637 4.363 
1.871 2-099 4-901 
1.642 1.780 5.220 
1.457 1.561 5.439 
1-139 1-231 5.769 
0.871 0.958 6.042 

s in  Ol~ fis 
0"0 
0"I 
0-2 
0"3 
0"4 
0"5 
0"6 
0"7 
0"9 
i'I 

f 2s 
1.000 1.0000 1.0000 0.0000 
0.9961 0.9110 0-9164 0.0037 
0-9846 0.9611 0.7121 0-0130 
0.9659 0-4387 0.4811 0.0272 
0-9406 0.2309 0.2905 0.0443 
0.9095 0-0944 0.1598 0.0623 
0.8737 0.0204 0.0800 0.0795 
0-8340 - - 0 . 0 1 1 2  0.0350 0-0946 
0-7475 --  0.0152 --  0 .0008 0.1155 
0-6574 + 0 . 0 0 1 2  --  0 .0080 0.1235 

O++ 

f2p f i s ,  2s fis,  2p f2s, 2p f2p, 2p I If~ii ~" 

So, too as  O 

6 - - ~  

0.000 6.000 0.000 
5.329 5.540 0-460 
3-949 4.406 1-594 
2.787 3.211 2-789 
2-119 2.393 3.607 
1-781 1.939 4-061 
1-579 1.681 4.319 
1.418 1.501 4.499 
1.127 1-209 4.791 
0-867 0.949 5"051 

s in  0]~ fib 
0"0 
0"I 
0-2 
0"3 
0"4 
0"5 
0"6 
0"7 
0"9 
I'i 

f 2s 
1-0000 1.0000 1.0000 0.0000 
0.9962 0.9196 0.9288 0.0031 
0.9847 0 .7164 0.7486 0.0128 
0 .9660 0.4731 0.5317 0.0273 
0.9408 0.2620 0.3389 0.0450 
0.9098 0.1152 0-1964 0.0638 
0.8741 0.0307 0.1035 0.0819 
0.8345 - - 0 . 0 0 8 3  0.0482 0.0979 
0.7482 - - 0 . 0 1 7 4  0-0016 0.1203 
0.6582 0.0000 - - 0 . 0 0 8 7  0.1292 

O+a 

f2p f is ,  us f is ,  2p f28, 2p f2p, 2p IIf~[ 2 

S ~ m e  as  O 

5 - - ~  

5.000 5-000 0.000 
4-539 4.645 0.355 
3.530 3-759 1-241 
2.603 2.816 2.184 
2.029 2.170 2 .830 
1.726 1-813 3-187 
1.544 1-609 3.391 
1.397 1.459 3.541 
1.121 1-193 3-807 
0.867 0.945 4-055 
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sin 0/2 f l~ re3 

0.0 1-0000 1.0000 
0.1 0.9969 0.9085 
0.2 0-9878 0.6896 
0"3 0.9730 0.4482 
0.4 0-9528 0.2524 
0.5 0.9277 0.1204 
0.6 0-8984 0.0430 
0.7 0.8656 0.0036 
0.9 0.7924 -- 0.0153 
1.1 0.7136 --0.0059 

sin 0/2 f13 f 2s 
0"0 1.0000 1"0000 
0"1 0.9969 0-9148 
0.2 0-9879 0.7064 
0"3 0-9730 0-4680 
0"4 0"9528 0"2680 
0"5 0.9277 0.1296 
0"6 0.8984 0"0470 
0-7 0-8656 0.0047 
0"9 0.7924 --0.0159 
1"1 0"7136 -- 0"0064 

T a b l e  3. X - r a y  incoherent scattering funct ion  for  f luorine 

F -  

I2p f13, 2s f i3, 2p f23, 2p f 2p, 2p 
1-0000 0"0000 0"0000 0"0000 0"0000 
0"8595 0"0025 0"0195 --0"2131 0"0527 
0"5949 0"0097 0-0378 --0"3177 0-1310 
0-3710 0.0207 0-0536 -- 0"3164 0-1696 
0.2191 0.0341 0"0665 --0.2618 0-1721 
0.1244 0.0487 0"0758 -- 0.1947 0"1561 
0"0676 0.0633 0.0818 --0.1345 0.1334 
0.0345 0-0768 0"0848 -- 0"0871 0.1101 
0.0052 0-0979 0.0835 -- 0-0283 0.0713 

-- 0-0029 0.1097 0.0758 0.0200 0.0446 

F 

fzp fls, 28 fls, 2p f23, 2p f2p, 2p 
1"0000 0"0000 
0"8939 -- 0"0026 
0"6605 --0"0099 
0"4323 -- 0"0210 
0"2636 -- 0'0348 
0"1527 -- 0"0497 Same as F -  
0.0842 - 0-0646 
0.0434 -- 0.0784 
0.0068 - 0-1002 

-- 0-0037 -- 0.1123 

X ' l ~ l  2 ~" I0-~" 
I0.000 lO.O00 0.000 
8.105 8.654 1.346 
5.232 6.460 3.540 
3.467 4.704 5-296 
2.586 3-466 6.534 
2.137 2.670 7-330 
1.860 2.173 7-827 
1.651 1.852 8.148 
1.318 1.450 8.550 
1.042 1.163 8.837 

X l ~ t l  2 ~ -  9 - . ~  
9"000 9"000 0"000 
7.680 8-139 0.861 
5"272 6-294 2.706 
3.502 4.536 4.464 
2.549 3.282 5.718 
2.071 2.518 6.482 
1.800 2.066 6.934 
1.607 1.779 7.221 
1.298 1.416 7.584 
1.035 1.146 7.854 

sin 0/2 f ls  f2s 
0"0 1.0000 1.0000 
0.1 0.9988 0.9727 
0.2 0.9951 0.8958 
0.3 0-9890 0.7816 
0-4 0.9806 0-6470 
0.5 0.9699 0.5084 
0-6 0.9571 0.3791 
0.7 0.9424 0.2671 
0.9 0.9075 0.1072 
1.1 0-8666 0.0233 

sin 0/2 f33 f13, 33 
0.0 1.0000 0.0000 
0.1 0.7432 0.0002 
0.2 0.2812 0.0010 
0.3 + 0.0130 0.0024 
0.4 -- 0.0397 0.0042 
0.5 -- 0.0117 0.0065 
0-6 + 0.0170 0.0092 
0-7 0-0286 0.0121 
0.9 0.0218 0.0183 
1.1 0.0083 0.0244 

T a b l e  4.  X - r a y  incoherent scattering funct ion  for  silicon 

Si+4 

f2p f2p, 2p .fls, 2s fls, 2p f23, 2p 
1"0000 0"00 0"0000 0"000 0*000 
0"9746 0"02 0"0016 0"017 -- 0"116 
0"9029 0"037 0"0048 0"032 -- 0"217 
0"7979 0"075 0"0100 0"048 -- 0"2907 
0"6755 0"116 0"0170 0"0618 --0"3331 
0"5508 0-152 0"0254 0"0748 -- 0"3454 
0"4346 0"177 0"0349 0"0858 -- 0"3331 
0"3335 0"192 0"0452 0"0955 -- 0"3041 
0"1827 0"1951 0"0665 0"1093 -- 0"2237 
0"0914 0"1743 0"0867 0"1163 -- 0"1443 

~,[fi~[ 2 ~" lO--~- 
lO.O00 lO.O00 0.000 
9.591 9.757 0.243 
8.493 9.070 0.930 
7-065 8.107 1.893 
5.660 7.039 2.961 
4.496 5-997 4.003 
3.628 5.054 4-946 
3.029 4.256 5"744 
2.328 3"088 6.912 
1.918 2.360 7"640 

S i + 3 Si 
^ 

f2~, 8~ .f2p, 83 Z I f i d  2 ~ 11 - ~ :  
0.0000 0.0000 11.00 11.00 0-00 
0.0175 0.0333 10.14 10.32 0.68 
0.0586 0.0441 8.57 9-17 1.83 
0.1020 + 0-0272 7.07 8.13 2.87 
o-1293 - 0.0056 5-66 7.07 3.93 
0.1343 - 0 . 0 3 8 8  4-50 6.04 4.96 
0.1212 - 0 . 0 6 2 3  3-63 5.11 5.89 
0.0979 - 0.0738 3.03 4-31 6.69 
0.0485 - 0 . 0 6 9 4  2.33 3-12 7.88 
0.0153 - 0.0501 1.92 2.38 8-62 

^ 

"2 : f f ,  l 2 ~ 1 4 - i  

14.00 14.00 0.00 
10.94 11.54 2.46 

8.68 9.43 4.57 
7.07 8.24 5.76 
5.66 7.18 6.82 
4.50 6.15 7.85 
3.63 5.21 8.79 
3.03 4.40 9.60 
2.33 3.18 10.82 
1.92 2.41 11.59 

larger than were found for nitrogen and oxygen. For 
F we used the SCF wave functions of Allen* (1957) 
while for F- those of Froese (1957) were employed. 
The exchange terms calculated for F- were used in 
the calculations for F. 

F o r  Si  +8 a n d  Si  +4 w e  u s e d  t h e  w a v e  f u n c t i o n s  o f  

H a r t r e e ,  H a r t r e e  & M a n n i n g  (1941) .  S i n c e  n o  s u c h  

w a v e  f u n c t i o n s  a r e  a v a i l a b l e  f o r  S i  w e  u s e d  t h e  3 p  

* I am  gra te fu l  to  Dr  L. C. Allen for  al lowing me the  use 
of his unpub l i shed  wave  funct ions .  

w a v e  f u n c t i o n  r e c e n t l y  c a l c u l a t e d  f o r  a l u m i n u m  ( F r e e -  

m a n  & H a r t r e e ,  1957)  a l o n g  w i t h  t h e  w a v e  f u n c t i o n s  

f o r  S i  +3 t o  m a k e  u p  t h e  n e u t r a l  a t o m .  ( T h i s  a p p r o x -  

i m a t i o n  is  n o t  a v e r y  d r a s t i c  o n e  s i n c e  t h e  3 p  w a v e  

f u n c t i o n s  f o r  a l u m i n u m  a n d  s i l i c o n  s h o u l d  n o t  d i f f e r  

b y  v e r y  m u c h . )  S e e  T a b l e  4 a n d  F i g .  4 f o r  a s u m m a r y  

o f  t h e s e  r e s u l t s .  T h e  d e v i a t i o n s  f r o m  t h e  e a r l i e r  J & B  

v a l u e s  a r e  l a r g e  e v e n  f o r  i n t e r m e d i a t e  v a l u e s  o f  s i n  0 / 2 ;  

t h e s e  d e v i a t i o n s  a m o u n t  t o  2 5 - 3 0 %  i n  t h e  r e g i o n  

0 .2  _< s i n  0 / 2  _ 0 .6 .  
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Fig. 4. The  incoherent  sca t ter ing  funct ions  for Si, Si+4 and  
Si+S according to the  complete  W a l l e r - H a r t r e e  theory .  The 
- - A - - -  denote  the  J & B  values for Si. 
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Fig. 5. The incoheren t  sca t te r ing  func t ion  for Ge. The dashed  
curve  is the  resul t  w i t h o u t  exchange  and  the  solid curve  
is our  resul t  ca lcula ted according to the  comple te  Wal l e r -  
H a r t r e e  expression. 

For Ge* the calculations were a good deal more 
involved since the number of exchange terms rises 
rapidly with atomic number. (From Table 5 it is seen 
that  there are 34 non-diagonal terms and 13 diagonal 
terms which enter into the Waller-Hartree expres- 
sion). While individually the exchange terms are small 
their sum is quite appreciable. This is seen in Fig. 5 
where we have plotted the incoherent scattering func- 
tion as calculated with and without exchange. The 
exchange contribution, which amounts to 3-9 electron 
units (e.u.), or 82% of the calculated intensity at 
sin 0/2=0.2, to 7-0 electron units or 55% of the cal- 
culated intensity at sin 0/~=0"5, is large over the 
entire range of sin 0/~. Even at sin 0/2=0.9, this 
contribution reduces the calculated intensity by 4.5 
electron units (or 23% of the calculated value). 
Similar remarks are appropriate for the entire range 
of sin 0/~, as is seen directly from the data given in 
Table 5. These results are in complete agreement with 
those found earlier for Cu (Freeman, 1959b). 

5 

No direct experimental determination of the Comp- 
ton intensity has been made for any of the atoms 
discussed in this paper. The importance of including 
exchange terms in the Waller-ttartree expression, 
however, is indicated in the recent experiments of 
Learn (1958) on silicon and Cole (1959) on germanium. 
These workers were investigating lattice vibrations and 
for this needed an accurate determination of the diffuse 
X-ray scattering (TDS). Since the TDS is always ac- 
companied by the incoherent Compton scattering, an 
accurate knowledge of the latter is required if quantita- 
tive information is to be obtained ~rom the former. 
In the case of silicon and germanium the Compton 
scattering intensity is especially important since it 
makes up a large part of the total observed scattering. 
For Ge, Cole found that  the incoherent intensity as 
calculated without the exchange termst  was larger at 
some angles than the observed total intensity--clearly 
an unsatisfactory result. (Similar results were obtained 
using Bewilogua's (1931) calculations, based on the 
Fermi-Thomas method). Using the values for the in- 
coherent scattering function given in this paper, Cole 
finds a considerable reduction in the calculated Comp- 
ton scattering and therefore a more reasonable value 
for the TDS. In fact this calculated incoherent in- 
tensity is about 50 % of the total measured intensity. 
In the case of Si, Learn found similar results to those 
cited for Ge (the exchange contribution being smaller 
because of a lower atomic number). 

I am pleased to acknowledge the help given by Dr 
John Wood with some of the Whirlwind routines. 

* I a m  grateful  to Dr  Wil l iam Piper  for allowing me  the  
use of his unpubl i shed  wave  funct ions.  

t I n  this calculat ion Cole used the  individual  one e lec t ron 
scat ter ing factors  and  the  expression Iinc = Z- - , ,~ , i J f i i ]  2. 
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s in  0 /2  f i n  f2s  

0.0 1.0000 1.0000 
0.1 0 .9998 0.9961 
0.2 0.9991 0 .9844 
0.3 0 .9980 0.9652 
0.4 0 .9964 0.9389 
0.5 0 .9944 0.9063 
0.6 0.9919 0-8680 
0.7 0 .9890 0.8248 
0-9 0-9820 0.7276 
1.1 0-9732 0.6222 

Table 5. Incoherent scattering function for germanium 

Go 

J'av f4~ f2v fa~ ]as 
1.0000 1.0000 1.0000 1.0000 1.0000 
0"9666 0.6544 0.9969 0.9640 0.9532 
0.8726 0.1656 0.9877 0.8639 0.8297 
0.7349 --  0.0251 0.9726 0.7198 0"6676 
0"5757 --  0 .0332 0 .9520 0.5572 0.5033 
0.4166 - - 0 . 0 0 3 7  0.9262 0"3994 0"3595 
0"2745 0.0147 0.8958 0"2625 0.2444 
0.1594 0.0190 0"8614 0.1545 0"1581 
0.0184 0.0104 0-7831 0-0259 0-0533 

- -0"0273  0.0014 0-6969 - -0"0161 0-0063 

f4p f ls ,  Us f is ,  48 
1.0000 0.0000 0-0000 
0.4968 0-0002 0.0002 
0.0395 0"0009 0-0002 

- 0-0340 0-0019 0.0003 
- - 0 . 0 1 0 9  0.0034 0 .0004 

0.0077 0.0053 0"0006 
0-0123 0.0076 0"0007 
0-0116 0.0103 0"0009 
0.0056 0-0166 0.0014 
0 .0014 0-0242 0.0020 

s in  0/~ f is ,  38 f is ,  4p 
0.0 0 .0000 0.0000 
0.1 0.0335 0.0004 
0.2 0.0333 0.0009 
0.3 0.0331 0 .0014 
0-4 0.0327 0.0019 
0-5 0.0323 0.0023 
0-6 0.0318 0.0028 
0-7 0.0312 0.0032 
0.9 0.0297 0.0042 
1.1 0 .0280 0.0050 

f28, 4s f2s, 38 f28, 4p f3s,  a8 f ls ,  3p fi8, 2p f2s, 8p f2s, 2p 
0"0000 0"0000 0"0000 0"0000 0-000 0"000 0"0000 0"000 
0"0008 - 0"4237 0"0028 --  O" 1449 0"002 0-007 0"0165 - 0"043 
0-0023 - 0"4126 0"0056 --  0"0314 0-005 0"016 0"0317 - 0"084 
0.0047 - - 0 . 3 9 4 8  0"0081 0"0577 0"008 0"024 0.0447 - -0"124  
0-0078 --  0"3714 0"0100 0"0931 0.0099 0"032 0"0545 --  0"162 
0-0117 - - 0 . 3 4 3 4  0.0114 0"0881 0-0122 0.041 0"0607 - -0"1975  
0"0159 - - 0 . 3 1 2 4  0.0121 0.0645 0-0146 0"048 0 .0630 - -0"2299  
0.0203 --  0-2795 0.0122 0-0374 0-0171 0-056 0"0614 --  0-2583 
0.0284 --  0 .2130 0"0104 --  0.0023 0.0216 0.071 0-0484 --  0"3025 
0 .0344 - -0"1519  0"0066 - - 0 ' 0 1 8 3  0"0260 0.0841 0"0264 - -0"3300  

sin 0/2 f48, 4p f38, 4v 
0"0 0 .0000 0.0000 
0.1 - - 0 - 3 4 8 4  + 0 . 0 1 1 7  
0.2 --  0-2288 + 0 . 0 1 1 2  
0-3 --  0 .0578 --  0 .0023 
0.4 + 0.0066 - - 0 . 0 2 1 7  
0.5 + 0.0119 --  0 .0382 
0.6 + 0 - 0 0 2 8  - - 0 . 0 4 7 1  
0.7 --  0 .0056 --  0 .0479 
0"9 - - 0 . 0 0 8 8  --  0-0341 
1.1 - - 0 - 0 0 5 0  - - 0 . 0 1 6 3  

Go 

J'av, 4v(o) f2v, 4v(o) f48, av f48, 2v f2v, 3v(o) f3v, a8 f2v, a8 faa, 4v(3) 
0.0000 0.0000 0.0000 0 .0000 0.0000 0.000 0-000 0"0000 

--  0.0347 0.0004 0.0337 0.0019 --  0-0273 --  0.137 0 .010 0"0038 
- - 0 . 0 5 7 0  0-0014 0.0429 0.0037 - - 0 . 0 3 3 7  - - 0 . 2 5 4  0.0178 0.0189 
- - 0 - 0 7 6 2  0.0031 0.0237 0-0051 - - 0 . 0 4 3 8  - - 0 . 3 3 1 8  0.0243 0.0326 
- -  0.0824 0.0055 --  0 .0093 0.0062 --  0 .0566 --  0 .3669 0.0283 0 .0340 
- - 0 - 0 7 4 7  0.0083 - - 0 . 0 3 9 6  0.0068 - - 0 . 0 7 1 3  - - 0 . 3 6 2 2  0.0294 0.0250 
- - 0 . 0 5 8 2  0.0114 - - 0 . 0 5 7 9  0.0067 - - 0 . 0 8 6 6  - - 0 . 3 2 7 3  0.0273 0.0119 
- -  0.0389 0.0146 --  0 .0629 0.0059 --  0-1 O15 -- 0-2742 0.0223 --  0 .0006 
- - 0 . 0 0 8 3  0.0208 - - 0 . 0 4 7 4  0.0025 - - 0 . 1 2 6 6  - - 0 . 1 5 5 4  0.0052 - - 0 . 0 1 6 7  
+ 0.0052 0.0256 --  0.0232 --  0 .0026 --  0 .1415 --  0-0618 --  0 .0178 --  0 .0214 

sin 0/~ f s p ,  sv(2) f 2 v , 2 v ( 2 )  f2p ,  sp(2) 

0"0 0 .0000 0 .0000 0 .0000 
0.1 0.0143 0.0012 - - 0 . 0 0 1 0  
0.2 0.0527 0.0048 --  0.0038 
0.3 0.1042 0.0109 - - 0 . 0 0 8 1  
0.4 0.1553 0.0190 --  0 .0134 
0.5 0 .1954 0 .0290 - - 0 . 0 1 9 2  
0.6 0 .2184 0.0405 - - 0 . 0 2 4 9  
0.7 0 .2236 0-0533 - - 0 . 0 2 3 0  
0.9 0.1922 0.0814 - - 0 . 0 3 6 4  
1.1 0 .1347 0.1102 - - 0 . 0 3 6 8  

f3p ,  3a(1) f e p ,  8a(1) f ls ,  3a f2s,3a f4s,3a f3s,3a f s p ,  3a(3) 
0"000 0"000 0"000 0"0000 0"0000 0"0000 0"000 

- -0"139  0"026 - -0"109  - -0"0015  - -0"0212  0-0142 - - 0 " 0 0 1 4  
- -0"2514  0"050 - -0"109  - - 0 - 0 0 5 9  - -0"0564  0"0520 - -0"0101 
- -0"3195  0"0729 - -0"108  - -0"0128  - -0"0674  0"1015 - -0"0290  
- -0"3414  0"0925 - -0"107  - -0"0217  - -0"0502  0"1491 - -0"0556  
- - 0 . 3 2 5 8  0.1086 - - 0 . 1 0 7  - - 0 . 0 3 1 9  - - 0 . 0 2 0 8  0.1846 - - 0 . 0 8 4 3  
- - 0 . 2 8 5 7  0.1209 - - 0 . 1 0 7  - - 0 . 0 4 2 7  0.0066 0 .2034 - - 0 . 1 0 9 7  
- -  0.2338 0.1292 --  0 .106 --  0 .0534 0-0259 0.2054 --  0 .1282 
- - 0 - 1 2 9 7  0.1354 - - 0 . 1 0 4  - - 0 . 0 7 2 4  0.0394 0.1732 - - 0 - 1 4 0 7  
- - 0 . 0 5 1 8  0.1303 - - 0 . 1 0 2  - - 0 . 0 8 5 8  0.0330 0.1197 - - 0 . 1 2 7 4  

sin O/]t f2p, 8a(3) f3:o, 4p(2) f2p ,  4p(2) 

0.0 0 .0000 0.000 0 .000 
0.1 0-0001 0.044 0 .000 
0.2 0 .0004 0.089 --  0.001 
0.3 0 .0014 0.1323 - - 0 . 0 0 1  
0"4 0"0031 0"1550 - -0"002  
0"5 0"0057 0"1530 --  0"003 
0"6 0"0091 0-1332 - - 0 . 0 0 4 2  
0-7 0"0132 0"1052 - -0"0053  
0"9 0-0227 0"0521 - -0"0070  
1"1 0"0327 0"0203 --  0"0073 

f4p ,3a (1 )  f s a ,  3a(2) f s a ,  sd(4) f4p ,4p (2 )  
0 .0000 0-000 0 .0000 0.0000 
0.0592 0.005 0-0002 0-1710 
0-0619 0.030 0.0026 0.1987 
0.0248 0.066 0.0103 0.0910 

--  0 .0146 0.108 0-0237 0.0217 
- - 0 . 0 3 8 8  0.1478 0 .0404 - - 0 . 0 0 2 0  
--  0.0475 0.1791 0.0573 --  0 .0042 
- - 0 . 0 4 5 7  0.1965 0.0720 --  0 .0020 
--  0 .0299 0.1895 0 .0900 + 0-0025 
- - 0 . 0 1 3 7  0 .1454 0.0936 + 0.0037 

XIf~l ~ ~" 32--~ 
32.00 32.00 0.00 
28-07 30-41 1.59 
23.39 27-25 4.75 
19.06 24.61 7.39 
15.27 21.98 10.02 
12.48 19.46 12.54 
10.69 17.27 14.73 

9.53 15.41 16.59 
7-92 12.41 19.59 
6.48 10.10 21.90 

Thanks are due to Mrs Joan Stekler of the Joint Com- 
puting Group at M.I.T. and Mrs Anna Hansen and 
Mrs Athena Harvey of the Materials Research Labo- 
ratory for their help with the hand computations. 
The help of Dr R. J. Harrison is appreciated. 
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Rare  ear th  ion  radi i  in  the  i ron  g a r n e t s .  By S. GELLER and D. W. MITCHELL, Bell Telephone Laboratories, 
Murray Hill, New Jersey, U . S . A .  

(Received 15 

In  examinat ion of the  rare earth-iron garnets, it has been 
found tha t  the  relative effective CN(12) radii (Geller, 
1957) derived from the rare ear th perovskites are ap- 
plicable. (These have not  been obtained as ye t  for any of 
the  rare ear th ions smaller than  Gd.) The iron garnets of 
the  t r ivalent  ions of Sm, Eu, Gd and Y were carefully 
prepared in ceramic form by a me thod  described else- 
where (Gilleo & Geller, 1958). The lattice constants of 
these specimens are listed in Table 1 ; listed also are those 
given by Ber tau t  & Forra t  (1957). 

Table 1. Lattice constants of some rare earth-iron garnets 
ao (A) 

Dodecahedral Bertaut & 
ion !~Iitchell See text Forrat 

Sm 3+ 12-528 12-530 12-524 
Eu a+ 12.498 12.498 12.518 
Gd 3+ 12.474 12.471 12.479 
y3+ 12-376 12"376 12"376 

Al though it is possible tha t  the effective sizes of atoms 
m a y  change differently with the same change in coordina- 
tion,* it is somewhat  less likely to happen for closely 
related rare ear th  ions than  for such ions as Fe a+ and 
Ala+. t Though few, the  results obtained by use of the 
radius differences are gratifying. The relative effective 
CN(12) radfi for the  ions in the  order of the Table 1 listing 

* Rare earth ions have C:N(8) in the garnets. 
t In YaF%(FeO4)a, the ratio of tetrahedral to octahedral 

Fe-O distances is 0.94; in YaA12(A104)3 the analogous A1-O 
ratio is 0-91. 

July 1959) 

are 1.310, 1.304, 1.299, 1-281 A. The lattice constant  
difference per 0.010/~ change in radius is about  0.053/~. 
Using YaF%(FeO~)3 (this has been made  and measured 
m a n y  times) as s tandard,  the reproduced lattice constants  
obtained are as shown in the  third column of Table 1. 
The agreement  with the measured values of the present  
work is good and may  indicate a larger ( than Eu  3+) ion 
impuri ty  in the Eu-iron garnet  reported by Ber tau t  & 
Forra t  (1957). 

I t  is now possible to obtain the relative effective 
CN(12) radii of some of the other t r ivalent  rare ear th ions 
(i.e. those not  thus far obtained from the perovskites) 
from values of garnet  latt ice constants.  Values of a 0 
obtained for crystals of ErzF%(FeO4) 3 grown by :Nielsen 
& Dearborn (1958) and of LuaFe2(FeO4) 3 made  in ceramic 
form are 12.352 and 12.280 A respectively leading to 
values 1.276 and 1.262 A for the relative CN(12) radii of 
Er  a+ and Lu 3+ respectively. 

I t  is no tewor thy  tha t  similar reasoning led to an exact  
predict ion of the lattice constant  of Mn3Fe2SiaO12 (Geller 
& Miller, 1959). 
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